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TECHNICAL NOTE 3016

ANALYSTS OF TURBULENT HEAT TRANSFER AND FLOW IN THE
ENTRANCE REGIONS OF SMOOTH PASSAGES

By Robert G. Delssler

SUMMARY

A prevlious analysis for fully developed turbulent heat transfer and
flow with variable fluild properties 1ls extended and applied to the
entrance regions of smooth tubes and parallel flat plates. TIntegral
heat-transfer and momentum equations are used for calculating the thick-
nesses of the thermal and flow boundary layers. The effect of variable
properties i1s determined for the case of uniform heat flux, uniform
initial temperature distribution, and fully developed velocity dlstri-
bution. A number of other cases in which the fluld properties are con-
sidered constant are analyzed. The predlcted Nusselt numbers for air
with 8 uniform wall temperature and uniform Initial temperature and
velocity distributions agree closely with experimentally determined
values.

INTRODUCTION

Flow and heat transfer iIn the entrance reglons of channels have
been subjects of considerable interest. The laminar flow case has
been analyzed in references 1 (pp. 299-310), 2, and 3 (pp. 451-464),
for instance, and the turbulent case, in references 4 and 5. Tn these
analyses constant fluld properties were assumed, and uniform wall
temperature was postulated In the cases in which heat transfer was con-
sldered. In the turbulent flow cases the flow was assumed to be tur-
bulent at all polnts along the passage.

The analysis in reference 4 is for a Prandtl number of 1 and 1is
based on an assumed l/7-p0wer velocity profile and the Blasius resis-
tance formula. The relative changes In heat-transfer coefficilent along
the tube predicted Iin that analysis are approximastely correct, but the
absolute values of the heat-transfer coefficient at the end of the
entrance reglon are about 20 percent too low. The analysis glven in
reference 5 1s applicaeble to cases in which the heat transferred by
turbulence can be neglected, as might occur at very low Prandtl numbers.
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The analysis gliven herein, whlich was made a8t the NACA Lewis labora-
tory, 1s an extension of the analysis given in reference 6 for fully
developed heat transfer and flow with variable £luid properties to
the entrance regions of smooth passages. In .calculating the growth of
the thermal and flow boundary layers in the entrance region, integral
equations for heat transfer and momentum are used. For obtaining the
veloclity and temperature distributions in the boundary layers, the same
assumptions are made for solving the turbulent transfer equations
as were made in reference 6.

The flow is assumed to be turbulent at all points along the
passage, as in previous analyses, so that the analysis should be
applicable when dlsturbarces occurring at the entrance are sufficient
to produce a turbulent boundary layer. According to Prandtl's assump-
tion, which 1s in reasonable agreement with experiment, in the presence
of a laminar boundary layer near the entrance, the turbulent portion of
the boundary layer behaves as though the boundary layer were turbulent
all the way from the entrance (ref. 7, p. 74). The present calculations

may therefore be applicable to the turbulent portion of the boundary
layer even when a laminar boundary layer exists near the entrance.

The cases considered In the present analysis are given in the
following table:

Phencmenon Wall Initial Initial Passage | Prandtl| Proper-
boundary| temperaturs| velocity number ties
condition| distribution| distribution
Heat Uniform |Uniform Fully Tube 0.73 | Variable
transfer |[heat flux] developed
Heat Uniform |Uniform Fully Parallel] .13 | Variable
transfer |heat flux developed flat
plates
Heat Uniform {(Uniform Fully Tube .13 Constant
transfer [wall tem- developed
peratire
Heat Uniform |Uniform Uniform Tube .73 | Constant
transfer |[heat flux
Heat Uniform |Uniform Uniform Parallel .13 Congtant
transfer |heat flux flat
plates
Heat Uniform |Uniform Unlform ~ Tube .13 Constant
transfer |wall tem-
perature
Heat Uniform |Uniform Fully Tube .01 |Consgtant
transfer |heat flux developed
Friction |-~—-eomme]ommmrmmeme Uniform Tube ———- Congtant
Friction |~--------]| oo Uniform Parallel| ---- Constant
flat
plates
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Although most of the cases in the preceding table are for constant fluid
properties, the greater portion of the report is concerned with the
first two cases, in which the propertles are variable.

ANALYSTS

For calculating heat transfer and friction in the entrance reglon
of ducts, the usual boundary layer assumptlons are made; that 1s, it 1s
assumed that the effects of heat transfer and friction are confined to
f£luid layers close to the surface (thermal and flow boundary layers,
respectively). The temperature and velocity distributions outside the
boundery layers are assumed uniform, and the total temperature and total
pressure are constant along the length of the duct for the region outside
the boundary layers. More exact analyses (ref. 2) indicate that these
assumptions are valid, even for laminar flow, except In the region at a
distance from the entrance where the boundary layer f£ills a large portion
of the tube. For that region, however, the Nusselt numbers and friction
factors have values very close to the values for fully developed flow.

In the following analysis, flow in round tubes and between parallel
flat plates will be considered. The effect of frictional heating will
be neglected and then later investigated to some extent In the section
Effect of frictional heating on entrance length.

Velocity and Temperature Distributions in Boundary Layers for Gases

For obtaining the velocitles and temperatures in the flow and
thermal boundary layers, the differential equations for shear stress
and heat transfer can be wrlitten as follows:

du du
Tthm ey
at . dt
= - k =2 - pc gty —
4 iy~ Tp®h gy

(The symbols used in this report are defined in appendix A.) In the
preceding equations & and €3 are the eddy diffusivities for momentum

and heat transfer, respectively, the values for which are dependent on
the amount and kind of turbulent mixing at a point. When written in
dimensionless form, these equatlons become

T o_pdut o e dut
To " Mo gyt | Po HO/Po gyt
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and

+

q _ (!a._l_ o % °n \att
ko PI'O po Cpo ].lo/po dy'+

where the subscript O refers to values at the wall.

Assumptions. - The following assumptions are made in the use of the
previous equations for obtaining velocity and temperature distributions
in the flow and thermal boumndary layers:

1. The eddy diffusivities for momentum e and heat transfer ey
are equal. Previous analyses for fully developed flow In tubes based on
this assumption yielded heat-transfer coefficients and frictlon factors
that agree wlth experiment for Reynolds numbers above 15,000 (ref. 6).
At low Reynolds or Peclet numbers (Pe = RexPr), the ratio of eddy
diffusivities appears to be a function of Peclet number (ref. 8); but
for Reynolds numbers above 15,000, it is nearly constant for gases, at
least for fully developed boundary layers. The same assumption is made
here for developing boundary layers.

2. The eddy diffusivity e 1s given by

€ = nzuy

in the region close to the wall (y¥<26), and by the Kdrmdn relation

e = x2 gduZdZ)3
(dzu/d.vz)2

in the region at a distance from the wall (y*>26). These expressions
have been experimentally verified for fully developed boundary layers
with variable properties In reference 6. It 1s assumed here that they
apply also to developing boundary layers. The quantities n and % are
experimental constants having the values 0.109 and 0.36, respectively.

3. The variations across the flow and thermal boundary layers of
the shear stress T and the heat transfer per unit area q have a
negligible effect on the velocity and temperature distributions. It 1s
shown in figure 12 of reference 6 that the assumptlon of a linear varia-
tion of shear stress and heat transfer across the boundary layers
(t or g =0 at the edge of the thermal or flow boundary layer) gives
very nearly the same velocity and temperature profiles as those obtalned
by assuming uniform shear stress and heat transfer across the boundary
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layers for values of 5% or &' between 500 and 5000.1 For smail
values of 6h+, such as occur very near the entrance, the effect of

varlable heat transfer will be checked in appendix B and in the section
Effect of varlation of heat transfer across boundary layer on Nusselt
number for small 8yt and constant fluid properties.

4. The molecular shear stress and heat-transfer terms in the
equations can be neglected in the reglon at a distance from the wall
(ref. 6, fig. 14).

5. The static pressure can be considered constent across the
passage.

6. The Prandtl number and specific heat can be considered constant
with temperature variation. The variations with temperature of the
specific heat and Prandtl number of gases are of a lower order of magni-
tude than the varlations of viscosity, thermal conductivity, and
density. The variations of viscosity and thermal conductivity with
temperature are assumed to be given by the equations

wlug = k/kg & (t/t,)0-68
From the definitions of the guantities involved it can be shown that
t/tg =1 - pt*

Solution of equations. - The details of the solution of the equa-
tions for shear stress and heat transfer under the foregoing assumptions
are given in reference 6. The resulting relations between +%+ and 3+
and ut and yt are given in figures 1 and 2. Poslitive values of B
correspond to heat addition to the gas; negative values, to heat
extraction. For the cases in which the fluid properties are considered
constant, the curves for B = 0 are used. The plotted values of +t7+
and ut are to be used in the thermal and flow boundary layers, that
is, for values of ¥ <28h or yt<d+. For values of yt greater

Figure 12 of reference 6 applies to developlng boundary layers if
the symbols ryt in the figure are replaced by &% or 5y,*.

2The case in wvhich B =0 1is a limiting one which can be approached
as closely as deslired by making the temperature difference small. In
the limit, where the temperature difference 1is zero or infinitesimal, the
properties must be constant. .
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than these values, t¥ and u' are constant and have the values at 5h+
and 5'. The relations between 8h+ and X/D and 5% and X/D will
be obtained in the following sections.

Development of Thermal Boundary Layers

Heat-flow equations for thermal boundary layers. - The heat-flow
equation for the thermal boundary layer in & round tube can be obtained
from the following dlagram:

1 2
Flow T
O e B
1 ¥
|‘ X 4[ <—dX a,

Energy flows into the differential annulus by convection through plane 1
and leaves through plane 2. In additlon to this energy there 1s a radial
flow of energy (heat) from the tube surface by conduction and & radial
flow by convection at Bh. No radlal heat flow due to temperature
gradient takes place at ) because the temperature gradient is, by

definition of the thermal boundary layer, zero at the edge of the
boundary layer.

Equating the heat energy entering the annulus to that leaving
gives, for constant c,

)
dg 2% rg dX + kj[\ tpu Cp 8 2nr dy| +
1

0
pu 2mxr dy ) - pu 2nr dy Cp & ty
0 2 0] 1
n
= tou cp g 2nr dy
0 2




" NACA TN 3016

where the subscripts on the parentheses refer to planes 1 and 2 In the

diagram, or
h
dp ro &X = cp & tpu(rg - y)dy| -
0

h
cp ts g d pu(ry - y)dy (1)
0

where the differentials of the integrals indicate changes in the X-direction.
Equation (1) is the desired equation for flow in tubes relating the thermal-
boundary-layer thickness to the distance along the tube.

An equation corresponding to equation (1) can be easily derived for
flow between flat plates. This equation 1s

&)
h h
Qo X =4 \J£\5 cp 8 tPu dy] - oy t g d ij\ pu dy (2)

Equation (2) in the incompressible form has been used extensively
for calculating the growth of the thermal boundary layer on a flat
plate (ref. 7, p. 86).

Uniform heat flux, variable fluld properties (gases). - The total
temperature outslde the thermal boundary layer does not vary with X
inasmuch as no heat penetrates the reglon outside the boundary layer.
(The differences between total and static temperature are small except

at high Mach numbers.) For uniform heat flux at the wall, equation (1)
can then be Integrated to glve

X Bh
r
0

Equation (3) can be written in dimensionless form as

5 +
1 h p
. (5% - %) & whrg” - yhazt (4)

ik

Zro
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where, from the definitions of the various quantities involved and the
perfect gas law (constant pressure),

p/pg = 1/(1 - Bt") (5)

When eguation (4) is to be used, values of rgt and B must first be

fixed. Values of X/D can then be calculated for various values of
d,*. The relations between +* and y* and ut and y* are obtained

from figures 1 and 2.

The equation for flat plates corresponding to equation (4) is
obtained from equation (2) and is found to be
+
5
X__1 + - gty Lot oayt 6
5 (ts t7) pg u dy (6)

0

where D 1s the equivalent dlameter for flow between flat plates, or
twice the plate spacing.

Uniform wall temperature, constant fluid properties. - For flow in
tubes, equation (1) can be written as

L] 8
ro X - 1y f b (t - tg) pu(rg - y)dy (7)
0

c, & a9
P 0

where the quantity in brackeis 1s also the upper 1imlt on the integral.
For constant fluid properties and uniform wall temperature, equation (7)
can be written in dlmenslionless form as

[] by
;X_ _ 1 a __l_+_ (_b6+ _ _t'l')B u+(ro+ _ y_'l') dy'+ (8)
0 0 rO+B ro 0

where the shear stress T is allowed to vary with X. But

ts/ty = t4/tg =1 - B t5"
since 13 does not vary with X. Thereforse,

B = (1/ts%) (1-t4/tq)
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Substituting this expression for B into equation (8) results in

5 +
(] byt Bt -t :
S=3 —a| = —— uwt(rgt - yMayt|  (9)
D 2 + + £t 0
0 To o Jo 5

Equation (9) gives the relation between X/D and 6h+ for round tubes

with uniform wall temperature and constant fluid properties. TIts use
is similar to that of equation (4).

Nusselt numbers and Reynolds numbers. - It can easily be shown
(see ref. 9) from the definitions of the quantities involved that the
Nusselt number and Reynolds number (properties varisble or constant)
for clrcular tubes with the fluld properties evaluated at the wall tem-
perature are given by

2rgt Pr
Nuy = ——— (10)
tb+
and
+ .+
RGO = Zub I'O (11)
where +
g = 0 1-pt+ 7
+
r +
f s ay*
—_— T —ay
0 1-pt*t
+ +
Bn + r
ot (rat-3t) % 0
0 ) S S S
" dyt + —— u' (ry -y )dy
0 1-Bt 1-Btg ot
= = = (12)
h ut(zat-y) 0
0 + 1 +o o+ _Hya F
——ayt + ot L, u (ro -y )ay
0 1-pt (o JBy
and r0+
2
up,t = = u+(r0+“ Yyt




10 NACA TN 3016

which, by combination with equation (12), becomes

o) + T +
+ _+
Bout(eet-yh) 1 0
e
1-Bt 1-Btg .
0 By

2
=g (P at(rg*-rayt

To
(13)

The foregoing equations are for a circular tube. The corresponding
equations for flow between flat plates are

4rot Pr
Nuy = ———— ' (14)
0 +
*p
and
Reo = 4u'b+ I‘O+ (15)
&, +
where h £t o
'b+11+ + o) + +
+dy + —% u* ay
+ 0 1-pt 1-Bty 6h+
Ty = T (16)
Shf Lj{\ro
+
u + 1 + 4+
y + u 4y
1-pt7 ~pts
B 1-Btg ah+
and
+
6}1 r0+
+ )
+ _ 1 + u + 1 + gt
u,F = — (1-Bty,") dyt + ———= ut dy (17)
Pt tb 1-pe* 1-Bts ™
+
0 Sy

When values of Nuy and Rey are calculated, values of ro+ and B
must be fixed as in equation (4). Values of Nuy and Rey are thus
obtained for given values of X/D and B.°

3Uhfortunately, B varies along the passage. It wlll later be seen
that qi' 1is more convenient for use as & heat-flux parameter.
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The temperature and velocity distributions from figures 1 and 2 can
be used for these quantlities except for the region outside the thermal
boundary layer. The temperature dilstribution is, of course, uniform
outside the thermal boundary layer (t+ = tg¥). When the velocity distri-

bution in that region is calculated for the case in which the veloclty
distribution is fully developed, it should be remembered that the
propertles are constant and have the values at 6h+. For values of
6h+:>26, the veloclty distribution curves outslde the thermal boundary

on the semllogarithmic plot are stralght lines having the slope of the
curves at dp'.

Nusselt numbers and Reynolds numbers with properties based on tem-

peratures other than the wall temperature can be obtained by use of the
relations

+

Il

/b = 1-Bty

t3/bg = 1-Ptg"
on/Pg = 1/(1-pty,*)
bp/ug = /g = (1-pty,*)?

and so forth, where the perfect gas law with constant static pressure
across the tube, constant Prandtl number, and constant specific heat
have been assumed as in reference 6. The exponent 4 1is obtained from
viscoslity data and 1s found to be about 0.68 for alr and most gases.
The following relations for Reynolds numbers then result:

1
Re, = Rep ———— (18)
° ('t'b/to)d+l ;
(tp/t0)2
Rey = Rep, ~——2_ (19)
Lo (65 /60)"

where the continuity relation py up = Py uy; has been used. Similarly,

Nuo

(b, /5) "
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and
Nll‘b (21)
NMuy = ————3
(b4/tp)2
Another useful parameter is gqy', which can be calculated from
B (ty/0)
4y' =m0 (22)

Equation (22) can be obtained from the definition of q4' and the
perfect gas law for constant pressure, to/tb = pb/po, for pp w, 18
constant along the tube. The important property of q;' is that

it does not vary along the length of the tube.

It is desired to calculate the variation of bulk temperature and wall
temperature along the tube for uniform heat fiux. It can be shown, by use
of the expressions ¢y = h(tg-t,) and =DXqqg = pg(x/4)D2 Uy, cp(tb—ti),
that dimensionless bulk temperature and wall temperature parameters are

glven by
ty - &
(bt 1) L2 (23)
i ay
and
g - b5\ 1 Ry Pr X (24)
i e 4 D
by a4 i

Equations (23) and (24) can be used for flow between flat plates as
well as for tubes.

The average Nusselt number for a given X/D 1s calculated from

X/D
£/ de{Q}
Nu1

Nui’av = (25)

0]

This equatlion is consistent with the definition
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X
f (tg-ty, )X
0 .

(b0 = tp)gy = 5 (26)

which is the usual way of defining the average difference between wall
and bulk temperatures for uniform heat flux. TFor uniform wall temperature
equation (26) 1s replaced by

OX [(to-tb)/ (qo/qoav)]d.x

(tg - tb)av = X

vhich gives a Nusselt number consistent with equation (25). For points
beyond the entrance region the Nusselt numbers and temperature distri-
butions are calculated as outlined 1In appendix C.

Development of Flow Boundary Layer
Momentum equations for flow boundary layers. - The momentum equa-

tlon for the fluid in a given space can be written for steady flow in
vector notation as

-~

F = v(ov - 3h) (27)

or the force acting on the fluid in a space is equal to the rate of
flow of momentum out of the space (ref. 10, p. 233). When the X com-
ponent of equation (27) is written for the previously illustrated
differential annulus (8;, replaced by d), there results

5] 3]
dFx = d &[\ oul 2mr dy| - ug d b[\ pu 2nr dy (28)
0 0

vwhere the differential of the second Integral 1s the radlial mass flow
into the annulus at ®. The force d4Fx 1is composed of pressure forces

on planes 1 and 2 and a shear force at the wall. There is no shear
force at ® because the veloclty gradient is, by definition of the
boundary layer, zero at the edge of the boundary layer. The force d4dFy

is then equal to

Substituting for dFy gives, for equation (28),
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5 3
8(2ry-8)dp + 2rg Ty X = 2ug d U pu(ro-y)dy:I - Zd[f pu? (ro-y)d{,
0 0

(29)

In the reglon outside the boundary layer, the flow is frictlonless, so
that

dp = - Pug dug (30)

Substituting equation (30) in equation (29), rearranging, and integrating
between the tube entrance and X glve

L] 5
Y8 5 (2rg-5) d A pu? (r,-y)dy

uy 0

L] ug d [J:B pu(ro-y)dy]

"L'O I‘O

+

.

(31)

0
where the boundary-layer thickness has been taken as zero at X = O.
Equation (31) is the desired equation for flow In tubes relating the
boundary-layer thickness to distance along the tube.

Equations corresponding to equations (29) and (31) can be derived
for flow between flat plates. These equatlions are

8 B '
6dp+'l:od_X=u5df pudy-df puzdy (32)
0 0
U .
50 g [ u J"S [
X = a 24 - 1 2
PR 70 o % Jc? To est @]

0
Uy

and

(33)
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Equation (32) was first obtained by von Karmén and has been used exten-
gively in the incompressible form for calculating the growth of the
boundary layer for fluide flowing over surfaces (ref. 7, p. 66).

The value of ® must be known in terms of ug to solve equa-

tions (31) and (33). This relation will be obtained in the section
Conservation of mass, constant properties.

Dimensionless form of momentum equations for constant properties. -
Equation (31) for tubes can be written in dimensionless form for constant
fluid properties as

+ o+
U To
X 1 (8+/I'O+)(2"5+/ro+) + + +
D~ % + ug” d(us® ro ) -
Re o
2
+ +
[] 2 5 rat-y*
a ut (ryt-yHay* ] ugt d[f + o . ) d +:|
1 0 s 0 To
2 T2 2 +
r0+ To
0 0

(34)

Equetion (34) can be verified by substituting the definitions of the
dimensionless quantities into the equation. Equation (34) can be put
into a form more convenient for computation by using the definition for
the differential of a product. Thus

5* (r t-y1) 5+ (rot-5")
+ 4+ 0"~ = +  + + B
rg ug d ut — ay'|= d|ry" ug W ——— ay*| -
0 To 0 To
. + )
+ o+ ° (ro+—y+) +
d(ry* ug™) ut Tt dy (35)
0

Substitutlion of equation (35) into the last term of equation (34)
(the substitution can be more easily made if eq. (34) is first differen-
tiated with respect to X) and simplification give

’
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8+
B
5= 2 (25) 2 @ gt - wt(rg*- +)‘1"{|d(’”o“ ugt) +
ro ro 2r + 0

0

] o ’
—L_a J: (gt - whut(xyt - yHayt (36)

+
erg

Equation (36) relates X/D to &' for various values of Re
for tubes. The relation between u™ and Fy* is obtalned from the
curve for B = 0 1iIn figure 2. The value of rgt for a given Re and

% will be obtained in the next section. The corresponding equation
for flow between flat plates is found from equation (33) to be

ust ro" .
5+ + 5
X 1 Us 1 +
D=2 >~ > f utay’ d(r0+ u5+) +
roT ro* 0
Re 0 ©
4
+
. o]
1 [] 1 + +y, +
I f = d ro"' \[‘ (vg” - uu ayt (37)
+ 0
0 o
Conservation of mass, constant Eropefties. - In order to solve

equations (36) and (37), 115"‘ must be known in terms of Re. This
relation can be obtained from the law of conservation of mass. For a
constant-area duct and constant density, the law of conservation of mass
glives

111 = ll'b (38)

or the bulk velocity is constant and equal to the uwniform initial
velocity. For a tube, equation (38) can be written

N ,
2 0
uy =% f u(ry - ylay
£
0
8
2 Uy
-2 ulr, - y)ay + % (r. - 8)2 (39)
2 0 -2 o
0 0
0
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Equation (39) can be written in dimensionless form as
2u5+(r - 8+)
Ro = —%- f +(r - yHayt + (40)
rg

The equation corresponding to eguation (40) for flow between flat plates
1s

5+
Re = 4 hlﬂ ut ayt + dugt(ryt - 8) (41)
0

Equation (40) or (41) gives the relation between Re and 51 or ug*
for a given value of ry’.

Nusselt numbers, Reynolds numbers, and friction factors; congbant
fluld properties. - Nusselt numbers for a developing veloclty distribu-
tion as well as a developing temperature distrlibution can be calculated
from equations (10) and (12) or (14) and (16) as before. If the assump-
tlon 1s made that the thermal- and flow-boundary-layer thicknesses are
equal (Bpt=8t for Pr=1)%, squation (12) for tubes can be simplified,

and for constant fluid properties (B = 0) becomes

X s + gt
h Ty U
+ gt (pt - oH)gvt -
vl: tF ut(rgt - yH)ayt + 5 (rq By, )
+

" = (42)

&, t +
h ‘15 2
£ Wyt - yart + 5 (g - By

A simlilar equation can be obtalned for flow between flat plates.

Reynolds numbers for flow in tubes and between plates can be calcu-
lated from equations (40) and (41). For constant fluld properties the
Reynolds number 1s constant along the length of the tube.

The pressure drop between the entrance and a glven section, which is
required to calculate the friction factor, is obtained by integrating
equation (30).

pug® oy
Pi -P= 2 = 2 (43)
Or, 1n dimensionless form,
2 1,2
[ + + - =
p' = 2(ug™ ry¥) 5 Re (44)

4This assumpbion 1s used only for determining tb+ for the case where
the initial velocity and temperature distributions are uniform.
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for tubes, or

2
+ .+ 1.2
p' = 8(u5 ‘o )y - §Re (45)
for flat plates. The pressure-drop parameter p' In these equations 1s
defined as

- (py - p)eD?
pre LI 2T v (46)
o

The average friction factor based on the pressure drop for a glven X/D
is defined by

D(py - p)
= 47
av ZXDubz ( )
or
1__p'
P == 48
% " 2 (z/p)Re® (48)

This equation includes momentum changes caused by velocity profile
‘development. .

The local friction factor based on the local pressure gradient 1s
defined by

p= - 2 d'g (49)
Zpub
or
1 dg'(dgxﬁg}
=3 50
A (50)

When £ 1is to be found fram equition (50), the curve for p' against X/D
can be differentiated; or the curves, calculated from equation (36) or (37),
for ugt ryt against X/D can be differentiated and dp'/a(X/D) cal-
culated from equation (44). The latter procedure proved to be the more
accurate.

The local friction factor based on the local shear stress at the
wall and excluding momentum changes due to a developing veloclity profile
is defined by

(51)

-
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or
2 .
I = 2 (52)
+
Y
and, since Re 1is constant along the tube and equal to 2ub+ r0+,
8r +2
0
o= — (53)
Re

where the reletlion between ro+ and Re for a given © * is obtained
from equation (40) or (41).

RESULTS AND DISCUSSION

Heat Transfer with Uniform Heat Flux, Uniform Initial
Temperature Distribution, Fully Developed Velocity
Distribution, and Varigble Fluld Properties
for Gases; Prandtl Number of 0.73

Development of thermsl boundary layer. - Figure 3 illustrates the
development of the temperature profile in a tube for uniform heat flux
and a fully developed veloclty profile. The distance along the tube
for various thermal-boundary-layer thicknesses is calculated from equa-
tion (4) and the temperature distribution in figure 1. The temperature
distribution in the thermal boundary layer 1s obtained from figure 1;
the temperature outside the boundary layer 1s uniform, Inasmuch as no
heat penetrates that region. The Reynolds numbers are calculated from
equations (11) and (13). Figure 3 indicates that for a fixed tube
diameter at a glven distance from the entrance, the boundary-layer
thickness is less for high Reynolds numbers then for low ones, or the
distance required for a given degree of temperature profile development
18 greater for high Reynolds numbers than for low omes.

Although the temperature distributlons in figure 3 are for 8 = O,
or constant fluid properties, simllar distributions are obtained for
variable fluid properties with large amounts of heat transfer, as may
be inferred from figure 4. The variation of the thermal entrance
length, defined as the length required for the thermal boundary layers
from the opposite walls to meet at the center of the passage, with
Reynolds number and heat flux q4' 1s shown In figure 4. The quantlty

qi' was calculated from equation (22). The quantity a;' rather than

B 1s used as a heat-flux parameter inasmuch as it is constant along
the length of the tube. For the range of q;' shown, ty/t;, varies

from about 0.4 to 3. Higure 4 indicates that heat flux has but a
slight effect on the thermal entrance length.
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Local Nusselt numbers for tubes. - Local Nusselt numbers hD/kg
with properties evaluated at the inlet temperature are plotted against
X/D for various values of Re; and qy' (heat flux) in figure 5. The

heat-transfer coefficient in the Nusselt number lis based on the differ-
ence between wall and bulk temperature (see appendix A). For

obtaining the curves Nusselt numbers were calculated from equatlons (10),
(20), and (21); Reynolds numbers, from equations (11), (18), and (19);

q; ', from equation (22); and X/D, from eguation (4) for various values

of the parameters ©®,%, rg*, and B. Interpolation was necessary for
obtaining the variation of Nuy with X/D for constant values of Rey

and qg'.

The curves in figure 5 indicate, as might be expected, that the
Nusselt numbers (heat-transfer coefficients) close to the entrance are
very high in comparison with the fully developed values farther down the
tube at the ends of the curves. These values are high because
the thermal boundary layer is thin and the temperature gradlents conse-
quently are severe near the entrance. At X/D = 0 the boundary-layer
thickness &, 1s zero, so that the heat-transfer coefficlent is infinite

at the entrance. For uniform heat flux this means that the temperature
difference to -ty mst be zero at X/D = 0; for a finite temperature

difference at X/D = O +the heat transfer per unit area could not be
uniform, since 1t would be infinite at the entrance.

Inspection of the curves in figure 5 shows that the Nusselt numbers
very nearly reach their fully developed values long before the thermal
boundary layers have met at the ends of the curves. For instance, for
g;' =0 (constant fluid properties) and Rey = 100,000, the Nusselt number

at X/D of 9 is within 2 percent of its fully developed value at X/D

of 18.8. This indicates that, for practical purposes, the thermal entrance
lengths can be considered to be less than half the values given in

figure 4.

Comparison of the curves for q4' = 0, 0.004, and -0.0025 indicates
a decrease in Nu; at a given X/D for heat addition to the gas and

an increase for heat extraction from the gas. For both heat addition
and extraction, Nuj; increases with X/D for large values of X/D.

These trends are clearly shown in figure 6, where Nuy 1s plotted for
qq' = 0.004 and -0.0025 for large values of X/D. For q4' = O (constant

properties) the Nusselt numbers are constant beyond the entrance length.
The Nusselt numbers for values of X/D beyond the entrance region were
calculated by the method deacribed in appendix C. For heat extraction
from the gas the curves are cut at the points shown because the wall
temperature reaches gbsolute zero at those points. The portions of the
curves for which the temperature is below the liquefaction temperature
of the gas should, of course, be disregarded because the properties no
longer have the asgsumed variations with temperature. The Increases in



NACA TN 3016 21

Nusselt number with X/D are caused by the varlation of properties along
the tube and across the tube. The Increases are due princlpally to the
variation of to/tb, which decreases along the tubs for both heat addition

to and extraction from the gas.

It is clear from figure 6 that fully developed heat transfer, in
the sense that the heat-transfer coefficient becomes independent of X/D,
cannot be obtained when the properties are varlable. Fully developed heat
transfer can, however, be.obtained In the sense that the relation between
the Nusselt number and Reynolds number becomes independent of X/D for
sufficiently large values of X/D when the properties are evaluated at
the proper reference temperature, as shown in figure 7. The curves in
figure 7 were obtained by cross-plotting the curves for g4' = O from

figure 4. They can be used for a;' % 0 by evaluating the properties,

Including density, in the Nusselt number and Reynolds number at the
reference temperatures tyx = X(tg - t,) + ty given In figure 8. The

values of X were camputed by selecting values of +ty such that the
values of Nu, and Re,, calculated from the curves In figure 5, from
equations (18) to (21), and from the definition of ty, fall on the lines
for qi’ = 0 1n figure 7. The curves in figure 8 Indicate that the

reference temperature for points close to the entrance 1s slightly
closer to the bulk temperature than the reference temperature for fully
developed heat transfer, although lts variation with X/D is not largse.

Effect of variation of heat transfer across boundary layer on
Nusselt number for small 5;% and constant fluid propertles. - For large

values of ®,* (rg* for fully developed flow), the effect of the radial

variation of heat transfer on temperature distributions was checked in
reference 2 and fournd to be small. However, for low values of Jpt,

such as occur very close to the entrance, the flow 1s nearly laminar,
so that the tempsrature profile in the boundary layer is not flat as 1t
is for higher values of ®,7. The temperature distribution in the

thermal boundary layer for laminar heat transfer from a flat plate can
be closely represented by a cubic parabola (ref. 7, p. 89), which means
that the heat transfer per unit area varies ag 1 - /Sh , as shown in

appendix B. Thls variation of heat transfer 1s used hereln for turbulent
heat transfer for gmall 6h+ in order to obtaln the effect of varlation

of q/qo on the Nusselt numbers in the entrance region. The expression

for the temperature distributlion with thls variation of q/qo is obtalned
in appendix B.
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The variation of Nu with X/D for variable heat transfer per
unit area across the boundary layer (q/qO =1 - yz/ﬁh?) is shown in fig-

ure 9. For comparlson, the curves from figure 5(a) for constant heat
transfer (a/qy = 1) are shown by dotted lines. The curves in figure 9

indlcate that the variation of heat transfer per unlit area across the
boundary layer has a negliglble effect on the relation between Nusselt
number and X/D, so that the use of the temperature distributions in
figure 1 appears Justified, even for low values of 6h+'

Wall and bulk temperature distributlons for tubes. - Wall and
bulk temperatures along a tube with uniform heat transfer as calculated
from equations (23) and (24) are plotted in dimensionless form in
figure 10. As mentloned previously, the wall and bulk temperatures are
equal at the entrance for uniform heat transfer. The bulk temperature
varies linearly with X/D inasmich as the specific heat ls assumed
constant. For qi' = 0 +the wall and bulk temperature curves are

parallel beyond the entrance region. For both heat addition
(g;' = 0.004) and heat extraction (gqy' = -0.0025) from the gas, the

wall and bulk temperature curves converge beyond the entrance region
because of the increase in heat-transfer coefficilent with X/D for
those portions of the curves.

Average Nusselt numbers for tubes. - The varlation of average
Nusselt number Nuj ay with X/D as calculated from equation (25) is

shown in figure 11. The trends are similar to those for local Nusselt
numbers but the changes are more gradual.

The relation between Nux,av and Rex,av for various values of

X/D 1is given in figure 12. The curves were obtained by cross-plotting
the curves for gq;' = 0 in figure 11l(a) and can be used for q;' £0

by evaluating the properties in the Nusselt number and Reynolds number
at by ay = 1:('!:0,av - tb,av) + tp ay, Where X 1is given in figure 13.
The values of X were computed by selecting values of tx,av such that
the wvalues of Nux,av and Bex,av calculated as outlined In appendix C
fall on the lines for gq4' =0 1In figure 12. "Tgure 13 indicates that

the value of x increases continuously with X/D for both heat addition
to and extraction from the gas. These trends are Indlcated experimentally
for heat addition in reference 11, wvhere a constant reference temperature
used for a range of values of X/D was found to give average Nusselt
numbers for high heat fluxes at low values of X/D which were slightly
higher than those for low heat fluxes. The values of x given In

Pigure 13 indicate that for large values of X/D, x>1, so that for heat
addition tx,av is higher than the average wall temperature although

not necessarily higher than the exit wall temperature. The variation
of x with X/D is caused by the variation of properties along the
tube. A more satisfactory correlation would perhaps be obtained by
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using x only to account for the varlation of properties across the
tube and using another factor to account for the variation along the
tube. The curves in figures 12-‘and 13 might, however, provide a con-
venient means of utilizing the results of the analysls for some purposes.

Nusselt numbers and temperature distributions for flow between flat
plates. - Nusselt numbers, wall temperature distributions, and bulk tem-
perature distributions for flow between flat plates with uniform heat
transfer and fully developed velocity distribution are plotted in
figures 14 to 16. The curves agree closely with the corresponding curves
for flow In a tube. For Instance,_ the curves for local Nusselt numbers
plotted in figure 14 are between 5% and 5 percent higher in the fully

developed portions of the curves than the corresponding curves for tubes
In figure 5. The portions of the curves close to the entrance agree
even more closely. This agresment indlcates that results for turbulent
heat transfer in tubes can be used, with small error, for flat plates
when an equivalent diameter equal to twice the plate spacing i1s used.

It should be emphasized that in applying the results of the fore-
going analysis the same assumptions regarding the variation of properties
with temperature should be made as were made iIn the analysis, that is,
constant specific heat, and viscosity and thermal conductivity both
proportional to +0.687

It should also be mentioned that the results in this analysis do
not include the low Peclet number effect described in reference 8 inas-
much as the tempsrature distributions in figure 1 do not include that
effect. The Nusselt numbers at Re; = 10,000 may therefore be slightly

high, but the ratios of local to fully developed Kusselt numbers should
be accurate.

Effect of frictlonal heating on entrance length. - The effect of
frictional heating on the X/D for a given 5h+ can be approximately

accounted for by replacing tg™ and t* by Tyt and T, respectively,
in equation (4) and setting p/po =1/(1 - BT+ - au+2) (ref. 9). In

using that procedure 1t is assumed that the total-temperature gradient is
zero at the edge of the thermal boundary layer, a good assumption for
"Prandtl numbers clese to unity.

The variation of thermal entrance length (X/.D)he with Reynolds

number and heat flux with frictional heating (o = 0.00025) is shown
in figure 17. Mach numbers for air at the tube center at (X'/D)he are

Indicated in the figure. The Mach numbers were calculated from
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M=

7-1 1 -1
.2
o

which can be obtained from the definitions of M, T,, u,’, and a. Com-

parison of figure 17 with figure 4 indicates that frictional heating
increases the entrance length, although the increase is not large for
subsonic flow. Inesmuch as Nusselt numbers for fully developed heat
transfer are not affected by frictional heating (ref. 9), the effect
of Prictional heating on the relations between Nusselt number end X/D
probably is slight when the total rather than the static bulk tempera-
ture is used In the definition of the heat-transfer coefficlent.

Heat Transfer with Uniform Wall Temperature, Uniform Initial
Temperature Distribution, Fully Developed Velocity
Distribution, and Constant Fluld Properties for
Gases; Prandtl Number of 0.73

Relations among Nusselt number, Reynolds number, and X/D for the
case of tubes, as calculated from equations (9) to (11), are plotted in
figure 18. Comparison of figure 18 with figure 5 indicates that the
Nusselt numbers for uniform wall temperature are very slightly lower
than those for uniform heat flux. The heat transfer per unilt area qg

must be infinite at X/D = 0 for uniform wall temperature. This occurs
only for an infinitesimal distance dX, however, so that a finite amount
of heat is transferred.

Heat Transfer with Unlform Heat Flux, Uniform Initial Veloclty and
Temperature Distributions, and Constant Fluid Propertiles
for Gases; Prandtl Number of 0.73

For calculating the variation of Nusselt number with X/D for
this case the flow-boundary-layer thickness as well as the thermal-
boundary-layer thickness should be known for varlous values of X/D
However, In the calculation of Nusselt numbers, it is considered
sufficliently accurate to assume the thicknesses of the thermal and
flow boundary layers to be equal, inasmuch as the Prandtl number is
close to unity.

Relations among Nusselt number, Reynolds number, and X/D for
tubes, as calculated from equations (10), (42), (40), and (4), are
plotted in figure 19. Comparison of figure 19 with flgure 5 Indlcates
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that the Nusselt numbers for a uniform initial veloclty distributlon are
higher than those for a fully developed veloclty distribution. This
result might be expected because of the higher friction In the case of
the uniform Initial velocity profile.

Average Nusselt numbers as calculated from equation (25) are plotted
in figure 20. Figure 20(b), which is a logarithmic plot, compares the
predicted relations between Nu,, and X/D with the empiricai relation

Nu o(X/D)"C-1. Curves having a slope of -0.1 on the log-log plot agree
closely with the predicted lipes for X/D between 6 and 60. The agree-
ment of the data given in.reference 11 with the empirical relation for
values of X/D as high as 120 might be due to the use of a constant
rather than a varigble reference temperature as given in figure 13.

Nusselt numbers for flow between flat plates are given in figure 21.
Comparison of figure 21 with figure 19 indicates very close agreement
between the Nusselt numbers for tubes and flat plates.

Heat Transfer with Uniform Wall Temperature, Uniform Initial
Veloclty and Temperature Distributlions, and Constant Fluid
Properties for Gases; Prandtl Number of 0.73;
and Comparison with Experimental Data

The varilation of Nusselt number with X/D for this case is given
In Pilgure 22. The curves agree clogely with those for the corres-
ponding case for uniform heat flux given In figure 19. The Nusselt
numbers for uniform wall temperature are slightly lower than those for
uniform heat flux.

A comparison between analytical and experimental results for uni-
form wall temperature and uniform initial velocity and temperature dis-
tributions 1s given In filgure 23. The experimental curves represent
data from reference 12 for alr flowing In a tube at uniform temperature
with a bellmouth entrance and a screen at the entrance and should repre-
sent the case analyzed in this sectiom. The screen at the entrance
should insurs a turbulent boundary layer throughout the tube. The
flgure shows that the agreement between analytical and experimental
results for this case 1is very good.

The lack of a comparison of the present gnalytical results for a
uniform wall temperature and a fully developed velocity distribution
wlth the data from reference 12, which were taken with & long approach
sectlon at the entrance, should perhaps be explained. It appears that
the sharp edge at the beglnning of the long approach section produced
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large disturbances which were not damped out in the length of approach
gection uged. The data in reference 12 for heat-transfer coefficients
with a sharp entrance withont an approach section indicate such results.
For that case the heat-transfer coefficients are higher throughout the
tube than those obtained with a bellmouth entrance.

Average Nusselt numbers calculated from equation (25) are plotted
in figure 24. As in the case of local Nusselt numbers, the average
Tusgelt numbers for & uniform wall temperature in figure 24 are slightly
lower than those for a uniform heat flux In figure 20.

Heat Transfer with Unliform Heat Flux, Uniform Initial
Temperature Distribution, Fully Developed Veloclity
Distribution, and Constant Fluid Properties for
Liquid Metals; Prandtl Number of 0.01

Temperature dlstributions for fully developed flow calculated as
described in reference 8 and plotted in figure 25 were used in the
thermal boundary layer for calculating the variation of Nusselt number
with X/D for 1iquid metals. The veloclty distributions were obtained
from the curve for B = 0 1in figure 2. The curves for Nu against
X/D in figure 26 were calculated from -equations (4) and (10) to (12)
(B = 0). An unexpected feature of these curves is the slight increase
of Nusselt number with X/D at large values of X/D and Reynolds num-
ber. This increase is due to the change in shape of the temperature
profile with 8y* for low Prandtl numbers. Thus, as B8,* increases,

the temperature gradlent at the wall increases slightly in some
instances because of the added turbulence in the boundary layer at
higher values of 6h+. This effect is indicated experimentally by

the data in reference 13.

A plot of Nusselt number against Pe/(X/D) for various Peclet
numbers 1is given in figure 27. If the heat transfer contributed by
eddy diffusion were neglected, the curves for various Reynolds numbers
would fall essentially on a single line as in reference 5. Examination
of the curves 1n figure 27 indicates that for Reynolds numbers below
1000 the curves could be represented approximately by a single line.
This line 1s slightly higher than the one obtained in reference 5 inas-
much as a uniform wall temperature rather than a uniform heat flux was
postulated in that referencs.
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Friction Factors with Uniform Initial Velocity Distribution
and Constant Fluld Propertiles

Three friction factors-are discussed iIn this sectlon: £, based
on the shear stress at the wall; f, based on the statlic-pressure gradient;

and fo, baged on the preasure drop along the tube. The frictlion factor

fr 1s calculated from equation (53); £, from equation (50); and fg,

from equation (48). The Reynolds numbers and values of X/D corres-
ponding to these friction factors are calculated from equations (41) and
(36). The velocity distributions in the flow boundary layer are
obtained from the curve for B = 0 in figure 2.

The friction factors for a tube based on the shear stress at the
wall and on the statlc-pressure gradient are plotted in figures 28 and
29, respectively. The friction factors based on the pressure gradlent
are higher than those based on the shear stress In the entrance region
because the former include the pressurs decrease caused by the increase
in momentum of the fluld as the velocity profile develope as well as
the pressure decrease caused by the shear stress at the wall. For
fully developed flow the two friction factors are identical. Average
friction factors based on the pressure drop are plotted in figure 30
and are, of course, higher than the local velues.

The computed values of f and f,, are subJject to some‘inaccuracy

because of errors assoclated with measuring the slope of a curve (eq.
(50)) and because the two terms in equation (44), which are subtracted,
are nearly equal close to the entrance. The results presented should,
however, be well within the limits of accuracy of experimentally deter-
mined friction factors.

Friction factors for flow between flat plates are plotted in
figures 31 to 33 and are found to be very similar to those for a tube.

Comparison of Local Nusselt Numbers and Frictlion Factors

A comparison of local Nusselt numbers and friction factors for
various cases 1s presented in figure 34, where the ratio of local
Nusselt number or frictlon factor to the fully developed value is
plotted against X/D for a Reynolds number of 100,000. The quantity
Nu/Nud is smaller than f/fd for a given X/D in all cases except

that of heat trensfer to a liquid metal (Pr = 0.01). The larger values
of Nu[Nud for a liquid metal are apparently caused by the fact that

the temperature profile at low Prandtl numbers is simllar to that for
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laminar flow. At very high Reynolds numbers, where the dip occurs in
the curves for Nusselt number plotted against X/D, and at very low
Reynolds numbers, the values of Nu/Nud may be lower than f/fd for

liguid metals (fig. 26). For gases the values of Nu/Nud are lower

than f/ﬂi for a given value of X/D because of the momentum pressure
loss for velocity profile development included in the friction factor
f; there is no counterpart for this momentum pressure loss in heat

transfer.

It should be mentioned that the preceding conclusions may apply
only to the case analyzed, that 1s, to the case where the boundary layer
13 turbulent throughout the tube. The turbulent boundary layer might be
produced by a bellmouth with a strip of sand paper at the entrance or
by screens. For flow in which the boundary layer is partially laminar,
or for which there are large disturbances at the entrance, such as might
be caused by a right-angie-edge entrance, the conclusions might be
altered.

SUMMARY OF RESULTS

The following results were obtained from the analytical Investiga-
tion of the entrance region for turbulent heat transfer and flow in
smooth tubes and between parallel flat plates:

1l. The thin thermal boundary layers and consequently severe tem-~
perature gradients at the wall near the entrance produced high heat
transfer near the entrance. Approximately fully developed heat transfer
was, In general, attained In an entrance length less than 10 dlameters.

2. The effect of variable properties on the local RNusselt number
correlation for gases with fully developed veloclty profiles was to
decrease the Nusselt number with conductivity based on the Inlet tem-
perature for heat addition to the gas and to Iincrease it for heat
extractlion from the gas at & given ratio of distance from the entrance
to tube diameter X/D and inlet Reynolds number. For large values of
X/D, the Nusselt number with conductivity based on the inlet temperature
increased continuously with X/D for both heat addition to and extrac-
tion from the gas. A heat-transfer cosefficient which is independent of
X/D is therefore not obtained for heat transfer with variable properties,
even In the fully developed region.

3. The reference temperature used for evaluating the properties
in order to eliminate the effect of heat flux on the curves for local
Nusselt number agalngt Reynolds number at various values of X/D varied
only slightly with X/D. The reference temperature for average Nusselt
numbers, however, increased continuously with X/D for heat addition
to the gas and was higher than the average wall temperature but lower
than the exit wall temperature at very large values of X/D.
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4. The variation of Nusselt number with X/D for a gas with uni-
form initial temperature and velocity distributions and uniform heat flux
agreed with the experimentally determined relation, Nuec(X/D)~0:1 for
values of X/D between 6 and 60. .

5. The predicted variation of Nusselt number with X/D for air
with & uniform wall temperature and uniform initial velocity and tem-
perature distributions agreed very well with the experimental values
from reference 12.

6. The varlation of Nusselt number with Graetz number for liquid
metals (Prandtl number of 0.0l) was represented approximately by a single
line for Peclet numbers below 1000.

7. The ratio of friction factor based on the static-pressure
gradient In the entrance region to the fully developed value was greater
than the corresponding ratio of Nusselt numbers for gases in the entrance
region because of the momentum pressure lgss associated with the velocity
profile development.

8. Eagentially the same variations of Nusselt number and friction
factor with X/D were obtained for flow between parallel flat plates
as were obtained for a tube when the equivalent diameter equal to twice
the plate spaclng was used for the plates.

Lewls Flight Propulsion Iaboratory
Natlonal Advisory Committee for Aercnautics
Cleveland, Ohlo, July 21, 1953
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APPENDIX A

SYMBOLS
The following symbols are used in this report:
A area, sq ft

c . specific heat of fluld at constant pressure, Btu/(1b)(°F)

D specific heat of fluld at constant pressure at wall,
0 Btu/(1b) (°F)

D inside diameter of tube, It
d exponent; value depends on variation of viscosity of fluid
with temperature
g acceleration due to gravity, 32.2 ft/secz
'h local heat-transfer coefficient, qq/tg - ty,, Btu/(sec)(sq £t)(°F)
by average heat-transfer coefficient, qO,av/(tO." t)av
J mechanical equivalent of heat, 778 ft-1b/Btu
k thermal conductivity of fluid, Btu/(sec)(sq £t)(°F/ft)
Ky, thermal conductivity of fluid evaluated at 1),

Btu/(sec) (sq £t)(°F/ft)

¥y thermal conductivity of fluld evaluated at t4,
Btu/(sec) (sg £t) (°F/Tt)

kg thermal conductivity of fluid evaluated at t,
Btu/(sec) (sq £t) (°F/Tt).

ke thermal conductivity of fluild evaluated at ty,
Btu/(sec) (sq £t) (°F/ft) .

kx,av thermal conductivity of fluid evaluated at tx,av:
Btu/(sec) (sq £t) (°F/ft)
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M Mach number at tube éenter at X/D

n constant

P gtatic pressurs

Py static pressure at inlet, 1b/sq £t abs

q rate of heat transfer toward tube center per unit area,

Btu/(sec) (sq ft)

dn rate of heat transfer at inside wall toward tube center per
unit area, Btu/(sec)(sq ©t)
) average rate of heat transfer at Inside wall toward tube
av center per unit area for a given X/D, Btu/(sec)(sq ft)
r radius, distance from tube center, ft
ro inside tube radius or one-half distance between plates, ft
T absolute total temperaturse, °Rr
T, absolute total temperature at tube center, °R
Ty total temperature outside thermal boundary layer, °R
t absolute static temperature, °R
by, bulk static temperature of fluild at cross section of tube, °R
by, ay average bulk température, SR
b4 inlet static temperature of fluid, °R
ty reference temperature for local Nusselt and Reynolds numbers,
x(tg - tp) + &, °R
tx av reference temperature for average Nusselt and Reynolds numbers,
J

x(tO,av ; tb,av) + b av

ty temperature of fluid outside thermal boundary layer
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t0,av

(to-tb)av

L)

Hp

By

Hx av

Ko
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absolute wall temperature, °R

average wall temperature, °R

°r

average difference between wall and bulk temperature,
time-average velocity parallel to axis of channel, ft/sec

bulk velocity at cross section of tube, ft/sec
velocity of fluld at inlet, ft/sec

velocity outside flow boundary layer, ft/sec

veloclty vector, ft/sec
distance from entrance, ft

number used in evaluating arbitrary temperature in tube,

tx or t

X,av
distance from wall, %
flow-boundary-layer thickness, £t

thermal-boundary-layer thickness, ft

coefficient of eddy diffusivity, sq ft/sec .
absolute viscosity of fluid, (1b)(sec)/sq ft

absolute viscosity of fluild evaluated at 1y, (1b) (sec) /sq Tt
absolute viscosity of fluid evaluated at 4, (1b) (sec)/sq t

absolute viscosity of fluld evaluated at t, (1b) (sec)/sq Tt

absolute viscosity of fluld evaluated at tx,av:
(1b) (sec) /sq £t

absolute viscosity of fluild evaluated at t, (1b) (sec) /8q £t

mass density of fluid, (1b) (sec?) /£t
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Py mass density
pb,av mags denslity
Py mass density
Px mass density
px,av mass density
Po mags density
T shear stress
To shear stress

Dimensionless groups:

f

Gz
Nu

Nugy

Nub

Nug

Nui

of

of

of

of

of

of

friction factor

friction factor

fully developed

friction factor

fluid

fluid

fluld

fluid

fluid

Pluld

fluid,

evaluated
evaluated
evaluated
evaluated
evaluated
evaluated

1b/sq £t

at

at

at

at

at

t,, (1b)(sec?)/et*
ty ays (1) (sec?)/rt?
ty, (1b)(sec?)/rtt
ty, (1b)(sec?)/rt*
by ays (1b) (sec?) /rt4

tg, (l'b)(secz)/ft4

fluid at wall, 1b/sq £t

33

based on static-pressure gradient, -————[——

based on static-pressure drop,

friction factor

D dp/dx

2p ubz
D(Pi - )
2Xp ubz

based on shear stress at wall, 2tp/(p w.2)

Graetz number, Re Pr/(X/D)

Nusselt number, h D/k

average Nusselt number for constant properties defined by

eq. (25)

Nusselt number with thermal conductivity evaluated at ),

h D/,

fully developed Nusselt number

Nusselt number with conductivity evaluated at by
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Nuy ,av

Nuy
Nug ay

Nuo

Pe

Re

Rey,

Rei

Rex

Rox,av

Reo
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average Nusselt number defined by eq. (25) with conduc-
tivity evaluated at &y

Nusselt number with conductivity evaluated _a'b by

average Nusselt number with conductivity evaluated at tx,av
Nusselt number with thermal conductivity evaluated at 1
pressure-drop parameter, (p; - p)PD? /8

Peclet number, Re Pr

Prandtl number, c, & p/k

Prandtl number with properties evaluated at 1tg
heat-transfer parameter, qo/ (cp g Pyuyty)

Reynolds number, P uy D/u

Reynolds number with density and viscosity evaluated at t,

Pyt Dy,

Reynolds number with density and viscosity evaluated et +t4,

P10
K1

Reynolds number wlth demslty and v:fscosity evaluated at ty,
Pxiy, Dby )

Reynolds number with density and viscosity evaluated at tx,av:

P
Rey x,av M1

Pp,av Hx,av
Reynolds number with density and viscoslty evaluated at 1,
R T pO
t t
ube radius parameter, W rg
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(bg - Top 8 Tp _ L - T/%g

1,V7o/ Po g

total-temperature parameter,

(tg - t)eg 8 Tg _1- t/tg

40/%o/Po P

bulk-temperature parameter,<% ( - EE)

g
1 ( ) E)
B %,

veloclty parameter,

temperature parameter,

Vo/Pq

bulk-velocity parameter,

Ve olPg
value of u’ &t tube center

Uy

VEolPo

thermal entrance length divided by dilameter

V*o/Po

wall distance parameter
D "J'opoy

compressibility or frictional heating parameter, TO/(ZchPtOpO)

heat-transfer parameter, qow/ro7po/(cp g Ty to)
To/Pg
ko/Pg
dimensionless thermal-boundary-layesr thickness 9 DO 3]
? Tmofeg B

dimensionless flow-boundary-layer thickness,

An integral sign having open brackets for the upper limit\l\tj

indicates that the variable of integration should be used as the
upper limit.
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APPENDIX B

ANALYSTS INCLUDING EFFECT OF VARTIATION OF HEAT TRANSFER

ACROSS BOUNDARY TAYER FOR SMAIL &,  WITH

CONSTANT FILUID PROPERTTIES

As was mentioned 1n the section Effect of variation of heat transfe
across boundary layer on Nusselt number for small Bhf and constant

fluid properties, the effect of varlation of q/qo across the boundary
layer for small ®ht should be checked. For laminar flow over a flat

plate the temperature distribution In the thermal boundary layer can be
closely approximated by a cublc parabola. TFor a cubic parabols,
q/qo =1 - yz/ﬁh? as shown in the following:

For laminar flow,
q = - k at/ay = a5(1 - 32/8,°) (c1)

Integration of equation (Cl) glves

k
y--gg%=a_5<to-t) (c2)

Evaluation of equation (C2) at the edge of the boundary layer gives

k 1
= (9 - ) =% on (03)
Combination of equations (C2) and (C3) results in
- 3
ot sy ify (ct)
to—'ba 25}1 2 511

which is the same as the equation on page 89 in reference 7. The
assumption that qfqy =1 - yz/Sh? therefore leads to a cubic parabola

for the temperature distribution for laminar flow. The same assumption
18 used herein for turbulent flow for small 6h+. The equatlon for

turbulent heat transfer can be written
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4=~ (k + cp g pe) dt/dy (c5)

With the assumption for q/qo and € = nzuy for flow close to the wall
(ref. 6), equation (C5) becomes, in dimensionless form,

1
1- —ﬁ = (i + n2u+y") art (cs)
6h+2 Pr dy"'
where +tt' represents the temperature distribution with
q/qo =1~ y"‘z/ﬁh"'z as distinguished from +%, which 1s the dimensionless
temperature parameter for q_/qO = 1. BSeparation of variables and
integration of equation (C6) result in

+ +
v J
% + nfutyt Sh"'z % + nutyt

0 0

The first term on the right side of equation (C7) is +° for comstant
properties (ref. 6), so that

t+'=t+-%fﬂ—ﬂﬂ-— (c8)
~ By,
0

1, nfuty¥
Pr

The values of t+ are obtained from figure 1. For obtaining the
Nusselt numbers the values of ++ from equatior (C8) are used in

equations (12) and (4) in place of t¥.




38 NACA TN 30le
APPENDIX C

CALCULATION OF NUSSELT NUMBERS, REYNOLDS NUMBERS, AND TEMPERATURE
DISTRIBUTIONS FOR FLOW BEYOND ENTRANCE REGION

For points beyond the entrance reglilon the relation between Nusselt
number and Reynolds number with the properties, including density,
evaluated at the reference temperature t; = x(to - tb) + ty,, where

X = 0.4 for heat addition and 0.6 for heat extraction from the gas,
can be obtalned from the curve for fully developed flow in figure 7.
From equations (18) to (21) and the definition of +, it can be shown

that

—

" a+l ft\¢
Rey = Rey x (tO ) 1 (’-E:;) (B1)
®p

and

wom@p) T

where 4 = 0.68 for air and most other gases. The value of Nuy for
a given value of Re; can be obtained from equations (Bl) and (B2)
provided the values of tp,/t; and ty/t; are known. The quantities
t,/ty and tp/t; can be written in terms of the gquantities plotted in

figure 10 as
T B\ 1 X
-_Ezq_i ._t;-_’q—i—,'+l=4ﬁ+l (BS)

(see eq. (23)) and

ta-t
07} 1
IV ———) —| + 1 .
tg L( ’01) 4
= = = (B4)
tp At 1 1
q'i 'tia (]_i'
-
In the procedure for obtaining the value of to/%b, the quantity in
brackets in the numerator is first determined by extrapolating a known




NACA TN 3016 39

curve for that quantlity plotted agalinst X/D. The value of Nuj can
then be obtained from equation (B2). With that value of Nuy & new and

more accurate value of [(to—ti)/ti] a%ﬁ- can be calculated from equa-
i

tion (24). The calculation of Nuy can then be repeated using the new
value of

[(to-t1) /44] q—i—'

Average Nusselt numbers wlth the conductivity evaluated at the
inlet temperature Nui,av can be calculated from equation (25), where

the values of Nuy are calculated as outlined previously. It is

deslrable to calculate average Nusselt numbers and Reynolds numbers with
propertles evaluated at the average bulk or the average wall temperature
for glven values of XfD. The average bulk temperature rise for a glven
X/D is one-half the temperature rise at X/D, gince the specific heat
1s apsumed constant. Therefore,

(’Gb,av - ti) 11 [(tb,‘ ti) 1}
51 u' 2 b /Yy’

Ty, Q' |t - b1\ 2
be 4 [( - )h] i1 (B5)

From the definitions of h,., Nui,av: Rey, and Pr, 1t can be shown that

or

t0,av tp,av 91’ Rey Pr
T, by T Nua
i 1 i,av

(B6)

Average Nusselt numbers and Reynolds numbers with properties evaluated
at tb,av’ tO,av’ or any arblitrary temperature

tx,av = x(tO,a.v - tb,av) + 1y av

can be calculated by use of equations (BS) and (B6).
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Figure 5. - Developmsnt of thermal boundary laysr in entrance regicn of tuve for & ges. Pr, 0.75; q4', O.

uniforn initinl temperature distribution, and fully developed velooity dietribution.
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Flgure 5. « Veriastion of Musselt mumber Muy with x/D and Reynolds number ‘for ges flowing in a tube. Pr, 0.75. Uniform heat flux,
uniform initiel temperature diatribution, and fully Aeveloped velocity distributicm.
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Figure 14. - Continued. Varistion of Kusselt pumber with X/D and Reynolds number for gas flowing
‘between parallel flat plates. Pr, 0.75. Uniform heat flux, uniform initial temperature distribution,
and fully developed velocity distribution.
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form initial temperature distribution, and fully developed velocity distribution.
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Figure 16. - Variation of average Husselt number defined by equation (25) with X/D and Reynolds number
for gas flowing between parallel flat plates. Pr, 0.75. Uniform heat flux, uniform initial tempera-
ture distribution, and fully developed velocity distribution.
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Figure 16. - Concluded. Varilation of average Nusselt number defined by equation
(25) with X/D and Reynolds number for gas flowing between parallel flat plates.
Pr, 0.75. Uniform heat flux, uniform initial temperature distribution, and
fully developed velocity distribution.
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Figure 17. - Variation of thermel entrance length with Reynolds number for gas flowing in a tube with frictional heating.
a = 0,00025; Pr = 0.75. TUnifarm heat flux, uniform initial temperature distribution, and fully developed veloclty
distribution.
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Figure 20. - Variation of average Nusselt number calculated from egquation (25) with X/D end Reynclds mumber for gas flowing
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Figure 20. - Concluded.
gaeg Tlowing in a tube.

properties.

Veriation of eversge Mumselt pumber calculated from equaticn (25) with X/D and Reynolds number for

Pr, 0.75. Unifcorm heat flux, uniform initial temp
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Flgure 21. - Variation of Nusegelt number with X/‘D and Reynolds mumber for gas flowing
) Pr, 0.73. Uniform heat flux, uniform initial tempera-
ture epd velocity distributions, and comstamt properties.
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Flaure 22. - Veristicn of Russelt mmber with I/D and Beynolds number for ges flowing in a tube. Pr, 0.75. Uniform
wall temperature, unifarm initial velceity end texpersture distritutions, epd conetant properties.

9L

9T0E EL VOVN



s i e e e

5!0

2.5

2.0

1.5

Hu/Ruy

1.0

i
|

L .I.\e l
85,570 26,400 J
L
2 4 6 10 12 14 16 18
x/D
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Figure 27. - Variation of Fusselt mmber with Graetz pumber and Peclet number for liquid metel flowing irn a tube. Pr, 0.01.
Uniform heat flux, uniform initial temperature distribution, fully developed velocity distrIbution, and cconstant propertiles.
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Flgure 28. - Variation of friction factor based on wmll shear stress with X/'D aend Reynolds pumber for flow in e tube. Con-
ptant properties. :
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Figure 32. - Variation of frictlon factor based on static=pressure gradient with
X/D and Reynolds number for flow between parallel flat plates. Constant

properties.
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